Introduction.
In this paper we prove the following three theorems on metric spaces, each of which is needed in the proof of its successor. They deal with embeddings, continuous selections, and linear mappings between function spaces. Theorem 1.1. Every metric space X can be embedded isometrically in a Banach space Bx so that, if F is any complete locally convex topological linear space, then every continuous a: X->F can be extended to a linear à: BX-">F which is continuous on (X and on) the closed convex hull of every compact subset of X.2 Theorem 1.1 should be compared with the Markoff-Kakutani embedding of X in the free locally convex space Ex generated by X, where any continuous a: X-^F (F locally convex) can be extended to a linear â: Ex-+F which is continuous on all of Ex-In Theorem 1.1, where we require Bx to be a Banach space, we cannot in general expect á to be continuous on all of Bx (even if we demand only homeomorphic embedding of X in Bx). In fact, the essential uniqueness of Ex would then imply that the linear span of X in Bx is isomorphic to Ex; since Ex is generally not metrizable, this is generally impossible.
The following result, whose proof depends on Theorem 1.1, is the first example of a selection theorem where the range is-at least partially-nonmetrizable.
Except for a slightly stronger requirement on the domain X, it generalizes Theorem 3.2" of [4], which is also used in the proof. Theorem 1.2. Let X be metrizable,3 and M a metrizable subset of a locally convex space F such that the closed convex hull of every compact subset of M is compact. Let <f>: X-=>2M be lower semi-continuous* and suppose that, for some metric on M, every <p(x) is complete. Then there exists a continuous f: X->F such that, for every xEX, f(x) G (conv <p(x))-.
In fact, f may even be chosen so that, for every compact K EX, f(K) C (conv K')-for some compact K'EU {<j>(x): xEK}. 2. Proof of Theorem 1.1. Let E = C(X) denote the space of continuous, real-valued functions on X, with the topology of compact convergence, and let E* be its dual space with the topology <x(E*, E) of pointwise convergence on E. Similarly, let F* be the dual space of F, with the topology of compact convergence on F, and let F** be its dual space with the topology a(F**, F*) of pointwise convergence on F*. Now if a: X-*F is continuous, let a*: F*-!>E be its (continuous, linear) adjoint, defined by We can embed A" in £* in the usual fashion, by identifying each xEX with the element xEE* defined by x(/)=/(x). On the other hand, since the closed convex hull of every compact subset of the complete, locally convex space F is compact [l, p. 8], the MackeyArens theorem [2, Theorem 2, p. 68] implies that each element of F** is of the form y(f) =f(y) with yEF, and we may therefore identify F** with F, equipped with the topology a(F, F*) of pointwise convergence on F*. With these identifications, we see that a**: E*-*F is a linear extension of a: X-*F which is continuous with the topology a(F, F*) on F.
Let T denote the original topology on F. If KEX is compact, then a(K) is r-compact in F, and hence so is its r-closed convex hull a(K)r. Thus t and the coarser topology a(F, F*) coincide on a(K)T, and a(K)T is also the a(F, 7?*)-closed convex hull of a(K). Hence, if K" denotes the o(E*, £)-closed convex hull of K in E*, then a**(K") Ea(K)T, and a**| A'" is continuous with respect to t on F.
To complete the proof, we will define a norm on E* such that (1) The norm coincides with the given metric on XEE*.
(2) If KEX is compact, the norm-topology agrees with a(E*, E) on K".
Suppose such a norm were obtained. Since K" is an equicontinuous, pointwise bounded, <r(£*, £)-closed set of functionals on E, Alaoglu's theorem implies that K" is a(E*, £)-compact.
It therefore follows from (2) that K" is norm-compact, and hence is also the norm-closed convex hull of K in E*. Moreover, if Bx is the completion of the normed space E*, then K"EE* is also the norm-closed convex hull of K in Bx. We may therefore take the desired à: Bx->F to be any linear extension (no continuity required) of a** over BxIt remains to define the required norm on E*. To do that, let F be any metric space containing X (isometrically as a closed set) and one point y0EX, and let d be the metric on F. For K S;0, let Lipx(A) denote the set of all fEC(X) which, after defining f(yo) =0, satisfy \f(x) -f(y)\ ÚKd(x,y) for all x, yE Y. Let Lip(A) = UXao Lipx(Z), and if /GLip(A), let 11/11 =min{A:/GLiPx(X)}. If A denotes the set of bounded elements of Lip(X), then A is a subalgebra of C(X) which separates points and contains the constant functions, and is therefore (along with all of Lip(X)) dense in C(X) (with the topology of compact convergence!)
by the Stone-Weierstrass theorem. Moreover, each element of E*, considered as a functional on Lip(X), is clearly continuous on Lip(X), which permits us to identify E* with a subspace of D. Let us show that the norm which E* thus inherits from D satisfies our requirements (1) and (2). (1) and (xi -x2)(g) =d(xlt x2), so that ||*i -x2\\ ^d(xi, x2). (2) For m^O, Lip"(X) is an equicontinuous, pointwise bounded, closed subset of C(X), and is therefore compact in C(X) by Ascoli's theorem. Now let K EX be compact. Since the norm topology on E* is the topology of uniform convergence on the compact sets Lipn(X), it must coincide on the equicontinuous (with respect to C(X)) set K" with the topology <r(E*, Lip(X)) of pointwise convergence on Lip(X) [2, Proposition 5, p. 23], and hence also (remembering that Lip(Z) is dense in C(X)( = E)) with <r(E*, E) [2, Proposition 5, p. 23]. That completes the proof.
We conclude with two remarks. First, it was shown in [6] that, with the embedding of X in Bx described in our proof, X is actually closed in the linear subspace which it algebraically spans in BxSecond, our theorem remains true (although perhaps not very useful) for uniform spaces X, provided "isometrically" is replaced by "uniformly," and "Banach space" by "complete locally convex space." This implies that u is onto, for if gGC(F, E), then g o pEC(X, E) and u(g o p) -g. To see that u is continuous, let A be a compact subset of F, and V a closed convex neighborhood of 0 in E; we must find a compact subset K' of X such that [m(/)](A) C V whenever fEC(X, E) and/(A') CF. However, the set K' appearing in (4. 1) has precisely this property, and that completes the proof. and if we pick fEC(X, R) to be 0 on K and 2 on p-1(yo),then [u(f)](y0) = 2, and hence/ fails to satisfy (5.1). This implies that m cannot be continuous.
